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Abstract. We construct several non-trivial examples of CAT(l) 
spaces by using the idea of free construction. 



1. Introduction 

A spherical (resp. Euclidean) building G of dimension n has plenty 
of apartments; more precisely, for any two points in G there exists 
an isometric embedding from the standard unit n-sphere (resp. the 
Euclidean n-space) to G whose image contains the given two points. 
Spherical or Euclidean buildings satisfy other rigid metric properties in 
the context of the geometry of CAT(l) spaces (cf. jKL]). In [THliniRL]. 
we see several metric characterizations of buildings. 

We say that a CAT(l) space is n-round if any two points are con- 
tained in an isometrically embedded unit n-sphere. For instance, every 
spherical building of dimension n is n-round. Every 7rR-gon in the 
sense of jB] is 1-round. Every hemispherex of dimension n > 2 in |BBj 
is (n — l)-round (Example 12. 4|) . In general, every n-round space is 
geodesically complete and (n — l)-round, and it has diameter n. 

A geodesically complete M-tree with no graph structure has plenty 
of lines. This example suggests that only from the property of plenty 
of apartments one can not derive the rigid structure of buildings. Nev- 
ertheless, it seems to be non-trivial to see whether an n-round space 
of dimension n without building structure exists. The main purpose of 
this paper is to construct an n-round space of dimension n that is not 
a spherical building. 

The Reshetnyak gluing theorem ([R], cf. Chapter 11.11 in |BHj ) helps 
us to obtain various examples of CAT(l) spaces. For our purpose, we 
need another idea. The purpose is achieved by mixing the idea of gluing 
with that of free construction. The idea of free construction was used 
by Tits jTj to obtain generalized polygons with large automorphism 
group. 
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For a CAT(l) space X, we denote by dimX the geometric dimension 
of X in the sense of jKj. By using the idea of free construction, we 
obtain the following: 

Theorem 1.1. Let (Xa)aga be a family o/CAT(l) spaces of diameter 
< 7i. Then for any n there exists an n-round space Y such that 

(1) dimF = max{n, sup AgA dimX A }; 

(2) all points in Y are non-manifold points; 

(3) each X\ is isometrically embedded in Y . 

In particular, there exists an n-round space of dimension n that is not 
a spherical building. 

By our free construction, we also see the following. For a fixed I > tt, 
let (Xa)asa be a family of CAT(l) spaces of diameter < I. Then for any 
n there exists a CAT(l) space in which any two points are contained 
in an isometrically embedded standard n-sphere of diameter I, and in 
which each X\ is isometrically embedded (Theorem 13.5)1 . 

Next we consider the following condition. We say that two points in a 
metric space are antipodes if they have distance > tt. A CAT(l) space is 
n-rolling if it has at least one pair of antipodes and if any antipodes are 
contained in an isometrically embedded unit n-sphere. Every n-round 
space is n-rolling. The unit n-hemisphere is (n — l)-rolling. Every 
n-rolling space is geodesic and (n — l)-rolling, and it has diameter tt. 
If an n-rolling space has dimension n, then it is geodesically complete 
(cf. |BLj ). It was proved in [BLJ that if an n-rolling space of dimension 
n contains a relatively compact open set, then it is a spherical building. 

A CAT(l) space has dimension 1 if and only if it is locally an M-tree 
of injectivity radius > tt. A CAT(l) space of dimension 1 is 1-rolling 
if and only if it is 1-round. In general, we have: 

Theorem 1.2. For any n > 2, there exists an n-rolling space of di- 
mension n that is not n-round. 

In fact, for any n > 2, such n-rolling spaces of dimension n can be 
obtained abundantly ( Proposition 13 .4|) . 

We remark that the free construction discussed below also works in 
the CAT (ft) setting. The details are omitted in this paper. 

We mention the relation between our notion and the asymptotic 
geometry of CAT(O) spaces. If if is a locally compact, geodesically 
complete CAT(O) space of dimension n, and if its Tits ideal boundary 
is (n — l)-rolling, then H is a Euclidean building. This is substantially 
a corollary of the works of |CL[ lL | IBL] (cf. Section 7 in |BLj ). 

2. Preliminaries 

2.1. CAT(l) spaces. A minimizing geodesic in a metric space means 
a length-minimizing curve joining two points. Any single point is also 
assumed to be a minimizing geodesic. A metric space is said to be 
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geodesic if any two points can be joined by a minimizing geodesic. A 
locally geodesic space is geodesically complete if any minimizing geo- 
desic is contained in a bi-infinite locally minimizing geodesic. 
We denote by § n the standard unit n-sphere. 

A complete metric space A with distance d is said to be CAT(l) if 
any two points x, y G X with d(x, y) < tt can be joined by a minimizing 
geodesic and if any geodesic triangle in X with perimeter < 2ti is not 
thicker than its comparison triangle in § 2 . If a CAT(l) space X is 
geodesically complete, then for any i6lwe have a point y G X with 
d(x, y) > Ti. We refer to [BHj for the basics of CAT(l) spaces and the 
historical remarks in geometry of spaces with curvature bounded above 
in the sense of Alexandrov. 

We first quote the Reshetnyak gluing theorem in the following form: 

Theorem 2.1. (K, cf. Chapter 11.11 in jBHj) Let (X x )\eA be a family 
of CAT(l) spaces with closed subspaces C\ C X\, and X a CAT(l) 
space with a closed subspace C C X . Assume that 

(1) we have an isometry between C and C\; 

(2) C is a CAT(l) space. 

Let Y := X U (Uaga^ a )/ ~ ^ e ^he quotient metric space obtained by 
gluing X\ to X along C — C\ for each A. Then Y is a CAT(l) space. 

Remark that a similar statement holds in the CAT(k) setting. We 
use this gluing theorem only for the cases where C is a minimizing 
geodesic of length < ti (Subsection 3.2) and where C are antipodes 
(Subsection 3.3). 

Let X be a CAT(l) space. For x,y,z G X with d(x,y),d(x, z) < ir, 
the angle at x between y and z is denoted by Z x (y,z). For x G X, 
the space of directions at x equipped with the interior distance induced 
from Z x is denoted by S X A. This is also a CAT(l) space ([N]). The 
geometric dimension dim A of X is defined inductively as follows ([K]): 
If A is discrete, then dim A := 0; in the other case, 

dim A := 1 + sup dim A. 

Some geometric study of the geometric dimension can be seen in jKj. 

We say that a point x G A is strongly singular in X if S X A has at 
least two connected components. A manifold point means a point that 
has a neighborhood homeomorphic to a Euclidean space. We denote 
by S(X) the set of all non-manifold points in A. Every manifold point 
in a CAT(l) space has the space of directions consisting of a single 
connected component. If x is strongly singular in A, then x G 5(A). 

2.2. Poles. Let A be a geodesically complete CAT(l) space of dimen- 
sion > 2. A point p G A with dimS p A > 1 is called a pole if the 
diameter of S P A is greater than ti. Remark that if A is n-round for 
n > 2, then it has no pole. 
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Example 2.2. For n > 2, the spherical suspension over a standard 
{n — l)-sphere of diameter > 7r is a geodesically complete CAT(l) 
space of dimension n and diameter ir. The suspension points are poles. 

Example 2.3. Let n > 2, and let p, q G S n be antipodes. Take some 
antipodes p, q in another unit n-sphere § n . Let X be the quotient 
metric space S n U S™ / ~ made by attaching § n to S n at p = p and 
q = q. This is a geodesically complete CAT(l) space of dimension n 
and diameter tt. The antipodes p and q in X are poles. 

Example 2.4. Let n > 2. A spherical simplicial complex is called an 
n-hemispherex if it is obtained from S n by attaching unit n-hemispheres 
along great-hyper spheres such that no pair of antipodes in the original 
S n belongs to all hyperspheres ([BBJ). Every n-hemispherex is (n — 1)- 
round, not n-rolling, and has a pole. 

2.3. Ultralimits. We review the notion of ultralimits, which goes back 
to jDWj (cf. Chapter 1.5 in |EH] ). 

We fix a non-principal ultrafilter uj on N. Let (l*)^ be a sequence 
of metric spaces with distances di and basepoints pi. We denote by 
Y® the set of all sequences (yi) such that y,i G Yi and di(pi,yi) is uni- 
formly bounded. Let d^: Y® x Y® ^ [0, oo) be the function defined 
as d u ((yi),(zi)) := uj-limdi(yi, Zi), where u-limdi is the ultralimit of 
the maps df. Y^ x Yi — > [0, oo). We define cu-limFj as the quotient 
metric space (Y®,du)/d u = 0, called the ultralimit of (Yi) with respect 
to u. Note that if the diameters of Yi are uniformly bounded, then 
Lj-limYi does not depend on the choices of the basepoints Pi. If each Yi 
is complete (resp. geodesically complete), then u-\imYi is again com- 
plete (resp. geodesically complete). If we have a metric space X and 
isometric embeddings fi\ X — > Yi, then we have a natural isometric 
embedding f u : X — > u-limYi defined by f^(x) := (fi(x)). If each Yi 
is CAT(l), then cu-limYj is again CAT(l); moreover, if diml^ < n for 
each i, then dim(o;-limli) < n (cf. |L]). 

Let K be a metric space, and a non-principal ultrafilter on N. 
We call the ultralimit cu-lim Y for the constant sequence (Y) the ultra- 
completion ofY with respect to uj. By definition, Y can be naturally 
isometrically embedded in uj-limY. In the sequel, we use only ultra- 
completions of metric spaces. 

3. Construction 

We prove Theorems 11.11 and 11.21 

3.1. Truncated inductive limits. For metric spaces X and Y, we 
write X < Y if we have an isometric embedding from X to Y. We say 
that a map /: X — > Y is a n -truncated isometric embedding if for any 
x, y G X with d(x,y) < n we have d(f(x),f(y)) = d(x,y). We write 
X -< K if we have a 7r-truncated isometric embedding from X to Y. 
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Let Y -< Yi -< ■ ■ ■ -< Yj_x -< • • • be an inductive system of metric 
spaces Yi_i with distances i G N, and 7r-truncated isometric em- 
beddings from Yi_i to Y^. We denote by Y^ := {J ieN Y { _i the inductive 
limit space with the distance d defined by d |li_iXYi_i := min{7r, d^i}. 
We call Y"oo the n -truncated inductive limit. If Yj is geodesically com- 
plete for each i, then so is Y^. We need the following later on. 

Lemma 3.1. For a sequence of CAT (1) spaces of dimY^ < m 
wrf/i li_x -< F i; i G N, /e£ Foo = IJieN^-i ^ e ^ e ^ -truncated inductive 
limit, and uo-limY^ the ultracompletion of Y^. Then u-limY^ is a 
CAT(l) space of dim(a;-limy oo ) < m. Moreover, if in addition Yi is 
geodesically complete for each i, then we have the following: 

(1) if each point in Y^ is strongly singular in some Yi, then each 
point in uj-YmvYao is again strongly singular; 

(2) if any two points in Y^ are contained in an isometrically em- 
bedded unit n-sphere, then u-limY^ is n-round; 

(3) if any antipodes in Y^ are contained in an isometrically embed- 
ded unit n-sphere, then uj-YmvY^ is n-rolling. 

Proof. Since each Yi is CAT(l), a;-limy oo is again CAT(l). The dimen- 
sion does not increase under the ultralimits procedures (cf. jL]). Hence 
we have dim(a;-lim Y^) < m. Observing the ultralimits of isometrically 
embedded unit n-spheres in iv-limY^, we have (2) and (3). We show 
(1). Suppose the contrary, i.e., we have a point (y) in cu-limFoo such 
that E( 3/ )(a;-limy oo ) has a unique connected component, where y G Y^. 
Then y is strongly singular in some Yi. Hence H y Yi has at least two 
components. Since each Y$ is geodesically complete, E( 2/ )(o;-lim Kqo) 
must have at least two components. This is a contradiction. □ 

3.2. Round spaces. We prove Theorem ll.il For a CAT(l) space A, 
we denote by Tx the set of all minimizing geodesies in A of length < ir. 
By using the idea of free construction, we first show the following: 

Proposition 3.2. Let X be aCAT(l) space of diameter < tt. Then for 
any n there exists an n-round space Y with dimY = max{n, dim A}, 
Y = S(Y), andX < Y. 

Proof. For a fixed n, let m :— max{n, dim A}. We construct a CAT(l) 
space Y inductively as follows. Put Y := X. Let Yj_i be a CAT(l) 
space of dimFj_! < m. Set Y^i := r^!- For each 7 G IV-i, we take a 
minimizing geodesic 7 in S n = §"(7) of the same length. We define Y^ 
as the quotient metric space U (LLyervi ^"(t)) / ~ made by gluing 
§"(7) to Yi-\ along 7 = 7. For each i G N, Yi is a geodesically complete, 
geodesic space. By the Reshetnyak gluing theorem, Yi is CAT(l). It 
follows that dimY; = m. Let /«: 5^_i — > Yi be the inclusion. This 
is a 7r-truncated isometric embedding, and hence K;_i -< Yi. For any 
x, y G fi(x) and f%{y) are contained in an embedded unit n-sphere. 
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For any z G 3^_ 1; fi(z) is strongly singular in Yj. Let Y^ = |J igN Y,_i be 
the 7r-truncated inductive limit. Each point in is strongly singular 
in some Yj, and any two points are contained in an embedded unit n- 
sphere. For a given non-principal ultrafilter u on N, let Y := a;-lim Y^ 
be the ultracompletion of Y^. By Lemma l3.1j Y is an n-round space 
with dim Y = m, Y = S(Y), and X < Y. ' □ 

We notice that each Yj has diameter > n. The space Yx, does not 
depends on the choices of minimizing geodesies in S n . 

Remark 3.3. We recall that CAT(l) spaces in this paper are assumed 
to be complete. This seems to be natural since almost all significant 
CAT(l) spaces are complete. 

In the proof of Proposition 13 .2\ if one does not require the com- 
pleteness for the definition of CAT(l) spaces, then Yqo is a space with 
the desired property. To obtain the completeness, we need to take the 
ultracompletion u;-lim Y^. The usual completion Y^ of Y x does not 
work for our purpose since we can not see whether embedding unit 
n-spheres in Y^ converge to the desired spheres in Y^. 

Now we prove Theorem ll.il 

Proof. Let (X a ) A€ a be a family of CAT(l) spaces of diameter < n. We 
fix n. For each X\, by Proposition 13.21 we have an n-round space X' x 
with dimX A = max{n, dim X\ } , X' x = S(X' X ), and X x < X' x . 

Let m := max{n, sup AgA dim X\}. We construct a space Y induc- 
tively in the following way. Put Y := X' Xo for some Ao- Let Yj_i be 
a geodesically complete, geodesic CAT(l) space of dimYj_i < m. Set 
Tj-i := ^Yi-i- For each (7, A) G T^i x A, take a minimizing geodesic 
7 in X' x = X' x {^j) of the same length. Let 

«:=yi-iU(U (7|A)6ri _ lxA Xi(7))/~ 

be the quotient metric space made by gluing X ! x {^) to Yj_i along 7 = 7 
for each A. The space Yj is a geodesically complete, geodesic CAT(l) 
space of dimYj = m. Then Yj_i -< Yj by the inclusion Yj_j — > Yj, 
and X' x < Yi for each A. For any x, y G Yj_i, fi(x) and fi(y) are 
contained in an embedded unit n-sphere. For any z G Y^_i, fii^z) is 
strongly singular in Yj. For a given non-principal ultrafilter u on N, 
let Y := tu-lim Yqo be the ultracompletion of the 7r-truncated inductive 
limit Yqo = [J^ N Yj_i. By Lemma |3~T1 Y is an n-round space with 
dimY = m and Y = S(Y). Moreover, X\ < Y for each A. Thus we 
obtain Theorem ll.il □ 

3.3. Rolling spaces. For a CAT(l) space X, we denote by Ax the 
subset of X x X consisting of all pairs of antipodes in X. 
To prove Theorem II .2[ it suffices to show: 
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Proposition 3.4. Let n > 2, and let X be a geodesically complete, 
geodesic CAT(l) space of dimension n and diameter it. Assume that 
X has a pole. Then there exists an n-rolling space Y of dimension n 
such that Y = S(Y), X < Y , and Y is not n-round. 

Proof. We first construct a space Y as follows. Put Y Q := X. Let 
be a geodesically complete, geodesic CAT(l) space of dimension 
n, and set : = For each (p, q) G A4-1, take some antipodes 

p,q in S n = S n {p,q). Define Y t as Y^ U (U^a^ ~ made 

by attaching S n (p,q) to Y^i at p = p and q = q. The space Y^ is a 
geodesically complete, geodesic CAT(l) space of dimension n. Then 
Yi_i -< Yi by the inclusion — > 3^. For each (x, G the 
points and are contained in an embedded unit n-sphere. 

For each i and for each z G f i+ i(z) is strongly singular in Y i+ i. Let 
^00 = UieN^-i ^ e * ne ^-truncated inductive limit. Each point in Y^ 
is strongly singular in some Yi, and any antipodes in Y^ are contained 
in an embedded unit n-sphere. For a given non-principal ultrafilter u 
on N, let Y := cu-limFoo be the ultracompletion of Y^. By Lemma 
K is an n-rolling space of dimension n with Y = S(Y) and X < Y. 
Let / : X — > Y be an isometric embedding, and p G X a pole. Then 
/(p) G K is again a pole. Hence Y is not n-round since every n-round 
space has no pole. This completes the proof. □ 

The CAT(l) spaces in Examples 12 . 2\ 12 . «fl and 12 .41 satisfy the assump- 
tion in Proposition 13.41 Hence we have proved Theorem 11.21 □ 

3.4. Modification. For I > tt, we say that a CAT(l) space is (n, l)- 
round if any two points are contained in an isometrically embedded 
standard n-sphere S™ of diameter /. 

Let A be a CAT(l) space. For / > n, we denote by T l x the set of 
all minimizing geodesies in X of length < I. In the proof of Theorem 
11.11 by replacing § n (resp. T x ) with §" (resp. T l x ), and by consider- 
ing /-truncated isometric embeddings and /-truncated inductive limits 
instead of 7r-truncated ones, we obtain: 

Theorem 3.5. For a fixed I > tt, let (Xa)a€A be a family of CAT (1) 
spaces of diameter < I. Then for any n there exists an (n, I) -round 
space Y such that dimF = max{n, sup AgA dim X\}, Y = S(Y), and 
X\ < Y for each A G A. 
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